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Abstract 

In this paper, the definitions of soft T-semirings and soft sub F-semi 
rings are introduced with the aid of the concept of soft set theory in- 
troduced by Molodtsov. In the mean time, some of their properties and 
structural characteristics are investigated and discussed. Thereafter, sev- 
eral illustrative examples are given. 
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1 Introduction 

Uncertain data modelling was investigated by many researchers in economics, 
engineering, environmental sciences, sociology, medical science and many other 
fields. The process in classical mathematics may not be competent owing to 
the fact that the assorted uncertainties deriving in these fields. In this context, 
mathematical theories such as probability theory, fuzzy set theory [T] , rough set 
theory [3] were established by researchers to modelling uncertainties arising in 
the stated fields. In 1999, Molodtsov 3 made a new viewpoint of substantial 
theoretical approaches: the concept of soft set theory which is more convenient 
than classical ideologies and can be seen as a outstanding mathematical tool 
relates with uncertainties. After Molodtsov's work, some different applications 
of soft sets were studied in |H |H1 13 12] ■ 

The algebraic structure of soft set theories has been studied progressively in 
recent years. Akta§ and Cagman J] investigated basic properties of soft sets to 
the related concepts of fuzzy sets and rough sets. They also defined the notion 
of soft groups, and derived some related properties. Furthermore, Maji et al. 
[51 [TO] presented the definition of fuzzy soft set. The concept of fuzzy soft groups 
which is a generalization of soft groups were given in [TJJ and [TJJ.In 2010, a 
tentative approach between fuzzy sets (rough sets) and soft sets were studied 
by Feng et al. in [F3] . 

On the other hand soft rings, soft ideals on soft rings and idealistic soft 
rings were defined in [14] . After these studies the notion of fuzzy soft rings and 
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fuzzy soft ideals were discussed in [TS]. In addition to this in [IB] the concept 
of soft BCH-algebra was introduced and some of their properties and structural 
characteristics were mentioned. 

Furthermore the notion of soft semirings are investigated in |17j which is 
useful for dealing with problems in different areas of applied mathematics and 
information sciences. The semiring structure provides an algebraic framework 
for modelling and investigating the key factors in these problems. Then, N. 
Nobusawa [18 introduced the notion of T-ring, as more general than ring. After 
that, the weakened conditions of the definition of the T-ring were studied in [T5] . 
Then the generalization of T-ring and T-semiring were introduced by [20j . 

Thereafter, in 21 Jun and Lee studied the concept of fuzzy T-ring and [32] 
defined the soft T-rings and idealistic soft T-rings with their basic properties. 
The extension of the T-semiring to quasi ideals was done by [23l [24j [25] with 
incompatible style. 

In this paper, we introduce the concept of soft T-semiring which extend the 
notion of soft T-ring theory and deal with some of its algebraic properties by 
giving several examples. 

2 Soft T-Semirings 

Definition 2.1 A pair (p, W) is called a soft set over V , where p is a mapping 
from W to P {V) jjfl. 

Definition 2.2 Let (p, W) , (a, Y) be soft sets over a common universe V. 

i) If W C Y and p (oj) C a (w) for all uj € W then we say that (p, W) is a 
soft subset of (a, Y), denoted by (p, W) C [a, Y). 

ii) If (p, W) is a soft subset of (a, Y) and (<J,Y) is a soft subset of {p,W), 
then we say that (p, W) is soft equal to (cr, Y), denoted by (p, W) — (tr, Y) 

Definition 2.3 i) Let (p, W) and (cr, Y) be two soft set over a common uni- 
verse V. 

(V, = WOn* (ffj y) 

is said to be restricted-intersection of (p,W) and (cr, Y), where {^p,Z) is 
soft set, Z = W HY ^ and the mapping ip is defined by 

ip: Z -> P(V) 

Z — > 1p (z) = p (z) Pi <T (z) 

ii) Let {(pi, Wi) : i € 1} be non-empty family soft sets. The restricted-intersection 
of a non-empty family soft sets is defined by 
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(^y) = (n») lgJ (pM 

where (ip, Y) is a soft set, Y = f] ieI W t ^ and tJj (y) = f] ieI p t (y) for 
every y£Y {7^ 7 Q/. 

Definition 2.4 i) Let (p, W) and (cr,Y) be two soft set over a common uni- 
verse V. 

(ip,Z) = (p, W) n £ (a,Y) 

is called extended-intersection of (p,W) and (a,Y), where (ip,Z) is soft 
set and {ip, Z) satisfying the following conditions 

• Z = WUY 

( P {z) ,ifzeW\Y 

• i>{z)=l o-(z) ,ifz€Y\W 

{ p(z)r\a(z) ,ifzeceWnY. 

ii) Let {(pi, Wi) : i € 1} be non-empty family soft sets. The extended-intersection 
of a non-empty family soft sets is defined by 

where (tp, Y) is a soft set, Y = \J ieI W i} ip (y) = f] ieI pi (y) and L (y) = 
{i:ie Wi} for every y£Y Q/,J77|/ . 

Definition 2.5 i) Let {p, W) and (a, Y) be two soft set over a common uni- 
verse V. 

(iP,Z) = (p, W) U K (a,Y) 

is said to be restricted union of (p, W) and (er, Y), where {ip, Z) is soft set, 
Z = W n Y 0, and the mapping if) is defined by 



iJj: Z -> P (V) 

z — > ip (z) = p (z) U a (z) 



ii) Let {(pi, Wi) : i € 7} be non-empty family soft sets. The restricted-union 
of a non-empty family soft sets is defined by 

ty,y) = (u R ). eJ ( Pi ,Wi) 

where {ip, Y) is a soft set, Y = f] ieI Wi and ip (y) = \J ieI p { (y) for 
every y £ F f!6f . 
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Definition 2.6 i) Let (p, W) and (a, Y) be two soft set over a common uni- 
verse V. 

{i>,Z) = (p, W) U f (a,Y) 

is said to be extended union of (p, W) and (a, Y) where (ip, Z) is a soft 
set, Z = W U Y , and the mapping ip is defined by 

f p(z) ,tfzeW\Y 
ip(z) = < a(z) ,ifzGY\W 

[ p(z)ua(z) ,if z e cew nr. 

ii) Let {(pi,Wi) : i € 1} be non-empty family soft sets. The extended-union 
of a non-empty family soft sets is defined by 

^,Y) = (Us) ieI (p i ,W i ) 

where (ip,Y) is a soft set, Y = (J iG/ W t ,ip(y) = \J. ieI Pi (y) and L (y) = 
{i : i G Wi} for every y EY J^j. 

Definition 2.7 i) Let (p, W) and (a, Y) be two soft set over a common uni- 
verse V . 

(iP,Z) = (p,W)A(a,Y) 

is called K-intersection of (p, W) and (a, Y), where (ip, Z) is soft set, Z = 
W x Y and ip (w, y) — P (w) D a (y) for every (ui, y) £ W x Y . 

ii) Let {(pi, Wi) : i € 1} be non-empty family soft sets. The K-intersection of 
a non-empty family soft sets is defined by 

(ip,Y) = l ieI ( Pi ,w i ) 

where (ip,Y) is a soft set, Y — IL^jWi and ip {y) = Rig/ P* (v) f or ever V 

y = (yi) iEI £Y ®\n$. 

Definition 2.8 i) Let (p, W) and (a, Y) be two soft set over a common uni- 
verse V. 

(iP,Z) = (p, W)V(a,Y) 

is called V -union of {p, W) and (a, Y), where (ip, Z) is soft set, Z — W xY 
and ip (w, y) = p (uS) U a (y) for every (lu, y) £ W x Y . 

ii) Let {(pi,Wi : i £ /)} be non-empty family soft sets. The V '-union of a 
non-empty family soft sets is defined by 

tyMO = Vigj(Pi,w;) 

where (ip, Y) is a soft set, Y = Tl^jWi and ip (y) = (J iGl Pi (y) for every 
y = (yi) ieI GY B\nH- 
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Definition 2.9 i) Let (p, W) and (<r, Y) be two soft sets over a common 
universe Vy and V% respectively. The cartesian product of two soft sets 
(p, W) and (a, Y) is defined by 

(Z,W xY) = {p,W)x(a,Y) 

where {Z,W x Y) is a soft set, and ip{oj,y) = p{uj) x a (y) for every 
(w,y)eWxY^. 

ii) Let {{pi, Wi) : i G /} be non-empty family soft sets over Vi,i G /. The 
cartesian product of a non-empty family soft sets {(pi,Wi) : i G J} over 
the universes Vi, is defined by 

{iP,Y) = l%ei (pi,Wi) 
where (ip,Y) is a soft set, Y — Il^iWi and ip (y) = Hi e ipi (y) for all 

y = (y*)i e / ^1 

Definition 2.10 i) Let (p, W) be soft set over a common universe V. Then 
(p, W) is said to be a relative null soft set, denoted by Nyy, if p(e) = 
for every e € W. 

ii) (p, W) is said to be relative whole soft, denoted by Wwy if p{ e ) = V f or 
every e £ W JZ2J/. 

Definition 2.11 Let (p, W) and {a, Y) be two softs set over a common universe 
V\ and V2, respectively, and f : V% — >■ Vi,g : W — > Y be two functions. (/, g) 
is said to be a soft function from (p, W) to (a, Y), denoted by (f,g) : (p, W) — > 
(a, Y) if the following condition 

/(p(w)) = -( ff («)) 

satisfies for all w € W. Lf f and g are infective (resp. surjective, bijective), 
then we say that (f,g) is injectivefresp. surjective, bijective) ]!^ . 

Lemma 2.12 Let (p, W) , (or, Y) and (ip,Z) be soft sets over Vi,V2 and V3, 
respectively. If 

(f,g):(p,W)^(a,Y) 

and 

(f,g'):(a,Y)^(i;,Z) 

are two soft functions, then 

(fof,g'og):(p ) W)^(i>,Z) 

is a soft function. 
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Definition 2.13 Let (p,W) and (a,Y) be two soft sets over V± and V%, respectively, 
(/, g) is a soft function from (p, W) to (cr, Y) . The image of (p, W) under the 
soft function (f,g), denoted by (f,g) (p, W) = (/ (p) ,Y), is the soft set over V\ 
defined by 

f (n) (n) = ! Vl 3(")=vf (P H) E Im 9 

J (P) [g> \ otherwise 

for all y G Y . The pre-image of (cr, Y) under the soft function (/,<?) de- 
noted by (f,g) 1 (o~,Y) = (cr) , W), is the soft set over V\ defined by 
f- 1 (cr) (u) = f- 1 (a (p (u))) for all lo e W . 

It is clear that (/, g) (p, W) is a soft subset of (cr, Y) and (p, W) is a soft 
subset of(f,g)~ (a,Y). In particular, if p is the identity function on W, the 
soft sets (/ (p) , W) and f~ x (cr) (oj) are as given in and \16\j . 

Definition 2.14 Let S and T be two additive commutative semigroups. Then 
S is called a T- semiring if there exists a mapping S x T x S (images to be 
denoted by aab for all a,b G S and a G T) satisfying the following conditions 

i) (a + b) ac — aac + bac 
ii) aa (b + c) = aab + aac 
Hi) a (a + f3) b — aab + a(3b 

iv) aa (b/3c) b = (aab) /3c for all a,i),c6S and for all a, j3 G Y [2^.1. 

Example 2.15 Let Q be set of rational numbers. (S,+) be the commutative 
semigroup of all 2 x 3 matrices over Q and (Y, +) be commutative semigroup of 
all 3 x 2 matrices over Q. Define WaY usual matrix product of W, a and Y ; 
for all W, Y € S and for all a G Y. Then S is a Y-semiring but not a semiring 



Remark 2.16 Let N be the set of natural numbers and Y — {1,2,3}. Define 
the mapping NxTxN— > N by aab = a ■ a ■ b (usual product of a, a and b); 
for all a,b G N,a G Y. Then N is a Y-semiring given in [25]. But Y is not an 
additive semigroup, hence it is not a Y-semiring according to 



Example 2.17 Let N be the set of natural numbers and Y = {1, 2, 3} (N, max) 
and (Y, max) are commutative semigroups. Define the mapping N x Y x N — > N 
, by aab = min {a, a, b}, for all a, b G N, a G Y. Then N is aY- semiring 



Example 2.18 Let Q be set of rational numbers and Y = N be the set of natural 
numbers (Q, +) and (N, +) are commutative semigroups. Define the mapping 
QxMxQ- > Q by aab usual product of a, a, b; a, b G Q, a G Y. Then Q is a 
Y-semiring 
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3 Soft T- Semiring 



Let S be a nonempty set and a T-semiring. R will allude to any triplet relation 
the midst of a component of S and a component of T and a component of S, 
that is, esoterically R is a subset of S 1 x T x 5. In this way, a set valued function 
xjj : N — »• P (S) can be defined as 

iP(y) = { S eS:R(y,a, S ),VaeT} 

for all y £ N. The pair 2V) is then a soft set over S, which produced 
from the relation R. The set 

Supp(il>,N,r) = {yeN:il>(y)?9} 

is called a support of the soft set (ip,N,T). The soft set (ip,N,T) non-null if 
Supp(^,N,T) ^ QUE]. 

Definition 3.1 ^4 nonempty subset T of S is said to be a sub-T- semiring of S 
if (T, +) is a subsemigroup of (S, +) and aab € T; for all a,b € T and for all 

aergy. 

Definition 3.2 Let (ijj, N) be a non-null soft set over a T -semiring S. Then 
(ip,N) is called a soft T- semiring over S if tp (x) is a sub-T -semiring of S for 
all y € Supp(ip,N). This denoted by (ip,N,T). 

Example 3.3 For consider the additively abelian groups 7% = {0, 1, 2, 3, 4, 5, 6, 7} 
and T = {2, 4, 6}. Let ■ : 7% x T x 7g — > Zs, (y, a, s) — yas. Therefore we have 
that 

i) (a + b) ac = aac + bac 
ii) aa (b + c) = aab + aac 
Hi) a(a + ft)b = aab + aftb 

iv) aa (bftc) b — (aab) j3c for all a,b,c E 7% an d for all a, ft G T = {2, 4, 6}. 
Hence 7s is a T- semiring. 

Let N = 7*8 and tf> : N — > P (Zg) &e a set valued function defined by 

i> (y) ={seZ 8 :R (y, a, s) (y, a, s) g {0, 4, 6},Va£ T} 
/or all y <E N = 7%. Then 

^(0) = ^(2) = V(4) = ^(6) = Z 8 
^ (1) = V (3) = V (5) = (7) = {0, 2, 4, 6} 
are sub-T -semirings of 7,%. Pence {ij),N) is a soft-T- semiring over 7%. 
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Proposition 3.4 Let (p, W, T) and (a, W, T) be soft T semirings overT -semiring 
S. The restricted intersection (p, W, T) Hsr (a, W, T) is a soft V semiring over S 
if it is non-null. 

Proof. By Definition 2.3 (i), we have that (p, W, T) Hsr (a, W, T) = (ip,W,T) 
where ip (u>) = p (uj) n a (uj) for all uj £ W. We assume that (ip, W, T) is a non- 
null soft set over S. If uj £ Supp (ip, W, T), then tp (oj) = p (u>) H a (ui) ^ 0. We 
know that (p, W, T) and (a, W, T) are both soft T semirings over S, and so, the 
nonempty sets p (uj) and a (w) are both sub T semiring of S (From definition 
3.2). Thus, tp (w) is a sub T-semiring of S for all uj G Supp (-0, W, V). In this 
position, (ip, W, T) = (p, W, T) PIsr (cr, W, T) is a soft T semiring over S ■ 

Corollary 3.5 Let {(pi, W, T) : i G 1} be a nonempty family of soft T-semiring 
over S. Then the restricted intersection {^u) ieI (Pi,W,T) is a soft T-semiring 
over S if it is non-null. 

Proof. Straight forward ■ 

Theorem 3.6 Let (pi,Wi,T) ieI be a nonempty family of soft-T -semirings over 
S. Then the restricted intersection (njf) igJ {Pi, W i} T) is a soft T-semiring over 
S if it is non-null. 

Proof. From definition 2.3(h), we have that (^3l) ieI (Pi, Wi 1 T) — (ip,Y, T), 
where Y = f] ieI Wi ^ 0, and ip (y) = f] ieI p l (y) for every y 6 Y. 

We assume that (ip, Y, T) is non-null. Let y e Supp (tp, Y, T). Then ip (y) ^ 
and so we have pi (y) ^ for every i 6 J. From the hypothesis, we know that 
{(pi, Wi, T) : i E L} is a nonempty family of soft-F-scmiring over 5, by definition 
3.2 pi (y) is a sub-F-semiring of S, that is, ip (y) is a sub-F-semiring of S for all 
y E Supp (ip, Y, T) and so (ip, Y, T) is a soft T semiring over S. ■ 

Theorem 3.7 Let {(pi, Wi,T) : i 6 /} be a nonempty family of soft T-semiring 
over S. Then the extended intersection (<^s) ieI (Pi, Wi,T) is a soft T -semirings 
over S. 

Proof. From definition 2.4 (ii), we have that (r\ £ ) teI (p l ,W t ,T) = (ip,Y,T) 
where Y = \J teI W t , and ip (y) = f] ieI p, (y) for all y e Y. 

Assume that y £ Supp (ip, Y, T). Then ip (y) ^ and so we have pi (y) ^ 
for every i £ I. Because of the fact that{(/3j, Wi, T) : i £ 1} is a soft r-semiring 
over S for every i £ L, we have that pi (y) is a sub T-semiring over S for every 
i £ L. It follows that ip (y) = f] i€l Pi (y) is a sub-F-semiring over S for every 
y £ (ip,Y,T). Thus, (^s) ieI (Pi,Wi,T) is a soft-F-semiring over S. m 

Theorem 3.8 Let {(pi, Wi, T) : i £ 1} be a nonempty family of soft T -semirings 
over S. If pi (yi) ^ pj (yj) or p 3 (y 3 ) C p t (y { ) for all i,j £ 7, j/j £ Wi then the 
restricted union (Usj{) ie/ (pi, Wi) is a soft-T -semiring over S. 
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Proof. Using definition 2.5 (ii), we have that (^tft) ieI (pi, Wi, T) — (ip, Y, T) 
where Y = f] ieI Wi, and ip (y) = \J ieI p% (y) for all y E Y. Assume that y E 
Supp (ip, Y, T). Then ip (y) ^ and so we have pi (y) 7^ for some i E I (y). 
By assumption, {J ieI pi (y) is a sub T-semiring of S for every y E Supp (ip, Y, T). 
Hence, (Usft) ig7 (pi, Wi, T) is a soft-r-semiring over S. ■ 

Theorem 3.9 Let {(pt, Wi,T) : i E 1} be a nonempty family of soft T '-semiring 
over S. Let Wi and Wj be members of the family {Wi : i E 1} such that Wi fl 
Wj = for i ^ j. Then (^s) ieI (Pi, Wi,T) is a soft-T -semiring over S. 

Proof. From definition 2.6 (ii) we have that where (Us) ieI {Pi, Wi, T) — (ip, Y, F) 
V' (y) = Hie/ Pi (v) f° r an y e ^ ■ N°te first that (ip, Y) is non-null owing 
to the fact that Supp (ip, Y, V) = lj i6/ Supp (pi, Wi, T). Suppose that y E 
Supp Y, T). Then ip (y) 7^ so we have pi ^ for some io E I (y). From the 
hypothesis {Wi : i E 1} are pairwise disjoint, we follow that ip (y) = pi (y). On 
the other hand pi (y) is a soft T-semiring over S, we conclude that (ip,Y) is a 
soft F-semiring over S for all y E (ip, Y, T). Consequently (Us) ieI (pi, Wi, T) = 
(ip, Y, T) is a soft T-semiring over S. ■ 

Theorem 3.10 If(p,W,T) and (a,Y,T) be two softT -semirings over V -semiring 
S, then (p, W, V) A (a, Y, V) is a soft Y -semiring over S if it is non-null. 

Proof. Using definition 2.7 (i) , we have that (p, W, T) A £ (a, Y, T) = (ip, Z, T), 
where Z = W x T x Y and ip(u>,a,y) = p(uj) n a (y) for all (u>,a,y) E Z = 
W x r x Y. Then by the hypothesis, (ip, Z, T) is a nonnull soft set over T- 
semiring S. Since (ip, Z, T) is a nonnull, Supp (ip, Z,T) 7^ and so, for (uj, a, y) E 
Supp (ip, Z, T) , ip (uj, a,y) = p (co) fl a (y) ^ 0. We assume that ti,t 2 E p (to) n 
a (y). In this position 

i) If t\, t 2 E p (co) = {y : R (uj, ai,y) , Vai G T} we have that uaiti E W,ujotit 2 E 
W. This implies Loa\ (t\ + t 2 ) E W and 

ii) ti,t 2 E a (y) = {y 1 : R (y, a 2 , y 1 ) , Va 2 E T} wc have that ya 2 t\ E Y, ya 2 t\ E 
Y. This implies ya 2 (ti + t 2 ) E Y. 

Hence p (x) n a (y) is a sub-r semiring. By definition of soft T semiring, 
(p, W, T) and (a, Y, T) are both soft T semirings over S\ p (x) and a (y) 
are also sub-r semiring of S . Furthermore ip (w, a, y) = p (uj) fl a (y) is a 
sub T semiring of S for all (uj, a, y) E (ip, Z, T) = (p, W, T) A (a, Y, T) is a 
soft T semiring over S required. 



Theorem 3.11 Let {(p%, Wi, V) : i E L} be a nonempty family of soft T- semiring 
over S. Then A ie i (pi,Wi,T) is a soft T -semiring over S if it is non-null. 
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Proof. By taking into account to the definition 2.7 (ii) we write Aj £ / (pi, Wi,T) = 
Y, Y), where Y = T\ ieI W u and V (y) - D i£ / ft (v) for all y = ( Vl ) i£l £ Y. 
Suppose that (ip,Y,T) is non-null. If y = (yi) ieI £ Supp (tp,Y,Y), then 
(y) 7^ 0- Since (pj,Wj,r) is a soft T-semiring over S 1 for all i £ I members 

of nonempty family ((p i; Wi,T) : i £ I) such that pj (yj) is a sub T-semiring of 

S. Hence V (2/) is a SUD T-semiring of S 1 for all y £ Supp(ip,Y,T), and so 

^iei (pi, Wi,T) — (ip, Y, T) is soft T-semiring over S. ■ 

Theorem 3.12 Let {(pi, Wi, T) : i £ 1} be a nonempty family of softY '-.semiring 
over If pi (yi) C p^- (j/^) or pj (y,) C p; (y;) /or aZZ i, j £ I,yi £ Wi, the V- 
union Vi e / (pi, Wj, T) is a so/f Y-semiring over S. 

Proof. Using the definition 2.8 (ii), we have that V ie i (p l ,W l ,Y) = (tp,Y,T) 
where Y = T\ ieI A u and ip (y) = (J ieI pi (y) for all y = (y i ) i £ I £ Y . 

Assume that y — (y i ) i £ I £ Supp (ip, Y, T). Then ip (y) ^ and so we have 
that pi (y) ^ for some i £ I. By assumption, U ieJ Pi (y) is a soft T-semiring 
of S for all y = (yi) i £ I £ Supp (ip,Y,T). Consequently Vj e j (pi, Wi, T) = 
(ip,Y,Y) is a soft-r-semiring over S ■ 

Theorem 3.13 Let {(pi, Wi, T) : i £ 1} be a nonempty family of soft T-semirings 
over Si. Then Y\ ieI (pi, Wi, T) is a soft T-semiring over f\ ieI Si. 

Proof. By definition 2.10 we write f\ ieI (p u W u Y) = (ip,Y,Y), where Y = 
U ieI Wi, and V (y) = ILe/ Wi (y) for all y = ( Vl ) ieI £ Y. 

Let y = (yi) i€l £ Supp (ip, Y, Y). Then ip (y) ^ 0, and so we have p t (yi) ^ 
for all i £ I. By taking into account, {(pi, Wi, Y) : i £ 1} is a soft T-semiring 
over Si for all i £ I, it follows that Yiiei ft (f») * s a softT-semiring of H e j 
for all y = {yi) ieI £ Supp (ip,Y,T). Hence Y\ ieI (pi, Wi,T) is a soft T-semiring 
overlie/ 5 '* ■ 

Definition 3.14 Let (p, W,Y) be soft Y-semiring over S. 

i) (p, W, V) is called the trivial soft Y-semiring over S if p(tv) = {0} for all 

LU£W 

ii) (p, W, r) is caZZerf i/ie w/ioZe so/f Y-semiring over S if p(cj) = S for all 

LU£W 

Definition 3.15 Let S and S' be two Y-semiring and f : S — > S' a mapping of 
Y-semiring. If (p,W) and (cr,Y) are soft sets over S and S' respectively, then 

i) (f (p) , W) is a soft set over S' where 

f(p):W ^P(S') 

f(p) (a,) = /(pH) 

for all uj £W. 
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ii) (/ 1 (cr) , Y) is a soft set over S where 

:Y^P(S) 

for all y eY. 

Lemma 3.16 Let f : S — >• S' be an onto homomorphism of V- semiring. The 
following statements can be given. 

i) (p, W, T) be soft Y -semiring over S, then (/ (p) , W, T) is a soft V -semiring 
over S' 

ii) (cr, Y, T) be soft Y -semiring over S, then (cr) , Y, T) is a soft V -semiring 
over S. 

Proof. 

i) Since (p, W, T) is a soft T-semiring over S, it is clear that (/ (p) , W) is 
a non-null soft set over S'. For every y G Supp (/ (p) , W, T) we have 
/ (p) (v) = f (p(y)) 7^ Hence / (p (y)) which is the onto homomorphic 
image of r-semiring p (y) is a T-semiring of S' for all y G Supp (p (/) ,W,T). 
That is (/ (p) , W, T) is a soft r-scmiring of 5". 

ii) It is easy to see that Supp (c) , Yi T) C Supp (a, Y, T). By this way 
let y e S'wpp (cr) ,y,r). Then cr (y) ^ 0. Hence f' 1 {a (y)) which is 
homomorphic inverse image of r-semiring a (y), is a soft r-scmiring over 
S for all y e Y. 



Theorem 3.17 Let f : S — > 5' &e o homomorphism of Y -semiring. Let (p, W, T) 
cmd (cr, y T) &e two soft T-semiring over S and S' , respectively. Then the fol- 
lowing sare given. 

i) If p(uj) = ker(f) for all uj G W , then (/ (p) ,W 7 T) is the trivial soft 
T-semiring over S' . 

ii) If f is onto and (p,W) is whole, then (/ (p) , W, T) is the whole soft T- 
semiring over S' . 

Hi) If o-(y) = f(S) for all y G Y, then (cr) , Y, T) is the whole soft T- 

semiring over S. 

iv) If f is injective and (cr, Y) is trivial, then (cr) , Y, T) is the trivial soft 
T-semiring over S. 

Proof. 
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i) By using p (u) = ker (f) for all y G W. Then / (p) (w) = / (p (w)) = {0 S '} 
for all w G W. Hence (/ (p) , W, T) is soft r-semiring over S" by Lemma 
3.16 and Definition 3.14. 

ii) Suppose that / is onto and (p, W) is whole. Then p (u>) = 5 for all 
w e TY, and so / (p) (u>) = / (p (w)) = / (S) = 5" for all u> e W. It follows 
from Lemma 3.16 and Definition 3.14 that (/ (p) , W) is the whole soft 
r-semiring over S". 

iii) If we use hypothesis a (y) = f (S) for all y £ Y , we can write f~ x (cr) (y) = 
f- 1 (cr (y)) = f- 1 (/ (£)) = S for all ye Y.lt is clear that, (a) , B, T) 
is the whole soft r-semiring over S by Lemma 3.16 and Definition 3.14. 

iv) Suppose that f is injective and (a, Y) is trivial. Then, a (y) = {0} for all 
y € Y, so f- 1 (a) (y) = f~ l (a (y)) = Z" 1 ({0}) = kerf = {0 S } for all 
y e Y. It follows from Lemma 3.16 and Definition 3.14 that (Z" 1 (a) , Y, T) 
is the trivial soft L-semiring over S. 



4 Soft Sub r-Semiring 

Definition 4.1 Let (p, W, L) and (a, Y, L) be two soft I 'semirings over S. Then 
the soft I '-semiring is called a soft sub T-semiring of (p,W,T), denoted by 
(a, Y,T) Cr, (p,W,T), if it satisfies the following conditions 

i) Y C W, 

ii) a (y) is a sub V -Semiring of p (y) for all y G Supp (a, Y, L). 

From the above definition, it is easily deduced that if (cr, Y, L) is a soft sub 
Y -Semiring of (p, W, T), then Supp (a, Y, L) C Supp (p, W, L). 

Theorem 4.2 Let (p,W,T) and (a, Y, T) be two soft T-semirings over S and 
(p, W, L) C (a, Y, L). Then (a, Y, T) C r , (p, W, T), 

Proof. Straightforward. ■ 

Theorem 4.3 Let (p, W, L) and (a, Y, L) be two soft T-semirings over S and 
(p, W, r) l~l (cr, Y, L) is a soft sub T semiring of both (p, W, T) and (cr, Y, L) if it 
is non-null. 

Proof. Straightforward. ■ 

Theorem 4.4 Let (p, W, L) be soft T-semiring over S and {(ipi, Wi, T) : i G 7} 
be nonempty family of soft sub T-semirings of (p,W,T). Then the restricted 
intersection (nsjf) igJ {ipi, Wi, T) is a soft sub T-semiring of (p, W, T) if it is non- 
null. 

Proof. Similar to the proof of Theorem 3.6. ■ 
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Corollary 4.5 Let (p, W, T) be soft T-semiring over S and {(ipi,W,T) : i G 7} 
6e nonempty family of soft sub T -semirings of (p, W, T). Then (risjf) igJ (ipi, W, T) 
is a soft sub T-semiring of (p, W, T) if it is non-null. 

Proof. Straightforward. ■ 

Theorem 4.6 Let (p, W, T) be soft T-semiring over S and {(ipi,Wi,T) : i e 1} 
be nonempty family of soft sub T -semirings of (p, W, T). Then the extended 
intersection (n.E). eJ (ipi, Wi,T) is a soft sub T-semiring of (p,W,T). 

Proof. Similar to the proof of Theorem 3.7. ■ 

Theorem 4.7 Let (p, W, T) be soft T-semiring over S and {(ipi, Wi, T) : i G 1} 
be nonempty family of soft sub T -semirings of (p, W, T). If ipi (yi) C ipj (yj) or 
4>j (yj) ^ 4>i (Ui) f or all h 3 G /, t/j G Wi, then the restricted union (Uj}) ig/ (ipi, Wi, T) 
is a soft sub T-semiring of (p, W, T). 

Proof. By the aid of the definition 2.6 (ii), we write (Ug) ig/ (ipi, Wi, T) = 
(V, Y, T), where Y = W t , and i\> (y) = \J ieI ^ (y) for all y G Y. 

Let y G Supp (ip, Y, T). Then (y) ^ 0, and so we have -0i o (Vi ) 7^ for some 
i G /.From the hypothesis, we know that ipi (yi) C ipj (yj) or ipj (yj) C ^ (y^) 
for all i, j G /, yi G Wi, clearly (J ieI ipi (y) is a sub T- semiring of p(y) for all 
y G Supp (ip, Y, T). Thus (Osr) . £J (ipi, W t ,T) = (ip, Y, T) is a soft sub r-semiring 
of (p. W,T). u 

Theorem 4.8 Let (p, W, T) be soft T-semiring over S and {(ipi, Wi, T) : i G /} 
be nonempty family of soft sub T-semiring of (p, W,T). If ipi (yi) C ipj (yj) or 
ipj (yj) Q ipi (yi) for all i, j G I,yi G Wi,then V union Vi £ j (ipi,Wi,T) is a soft 
sub T-semiring of (p, W, T). 

Proof. Similar to the proof of Theorem 3.12. ■ 

Theorem 4.9 Let (p, W, T) be a soft T-semiring over S and {(ipi, Wi, T) : i G /} 
be nonempty family of soft sub T -semirings of (p, W, T) . Then the A intersection 
Aiei (ipi, Wi, T) is a soft sub T-semiring of Aig/ (p, W, T). 

Proof. Similar to the proof of Theorem 3.11. ■ 

Theorem 4.10 Let (p, W, T) be soft T-semiring over S and {(ipi, Wi, T) : i G /} 
be nonempty family of soft sub T -semirings of (p, W,T). Then the cartesian 
product of the family Y\ ieI (ipi, Wi, T) is a soft sub T-semiring ofT\ ieI (p, W, T). 

Proof. By Definition 2.10, we can write Y\ ie j (ipi,Wi,T) — (ip,Y,T) where 

Y = Uiei W i and i> (v) = Tliei V'i (Vi) for a11 V = (Vi) ie i e Y - Lct V = 
(yi)i(zi £ Supp (ip, Y, T). Then ip (y) ^ and so we have ipi (yi) ^ for all i G /. 
In as much as {(ipi, Wi,T) : i G /} is a soft sub T-semiring of (ip, W, T), we have 
that ipi (yi) is a sub T-semiring of p (yj). It follows that, we obtain Y\ iGl ipi (yi) 
for all y = (yi) ieI G Supp (ip,Y,T). Hence, the cartesian product of the family 

Tliei (Pi' Wi, T) is a soft sub T-semiring of (p, W,T). ■ 
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Theorem 4.11 Let f : S — > S' be a homomorphism oj T '-semirings and (p, W, T) 

and (a, Y, T) two soft T -semirings over S. If(cr, Y, T) Cr s (p, W, T) then (f (cr) , Y, T) Cr s 

(f(p),W,T). 

Proof. Suppose that y e Supp(a,Y,T). Then y g Supp (p, W, T). By def- 
inition 4.1, we know that Y <Z W and cr (y) is a sub T-semiring of p (y) for 
all y G Supp (cr, Y, T) . From the expression hypothesis / is a homomorphism, 
/ 0) (v) = f ( CT (J/)) is a sub T-semiring of / (p) (y) = / (p (y)) and therefore 
(/(a),T,r)Cp s (/(p),W,T). ■ 

Theorem 4.12 Let f : S — > 5' &e a homomorphism of T-semiring and (p, W, T), 

(a, Y, T) two so/t T-semirings over S. If {a, Y, T) Cr s (p, W, T) then (f' 1 (a) , Y, T) Cr s 

(/^(p),^). 

Proof. Let y g Supp (f 7 ) jF T). Y C W and cr (y) is a sub T-semiring of 
p (y) for all y g Y. Since / is a homomorphism, / (cr) (y) = / (cr (y)) is a 
sub T-semiring of / _1 (cr (y)) = / (cr) (y) for all y g Supp (f _1 (cr) , Y, T) . Hence 

(r'W.y.r) c rs (/-MpJ.wir) . 

Definition 4.13 Le£ (p, W, T) and (cr, Y, T) 6e two so/C T-semiring over S and 
S' , respectively. Let f : S — > S' and f : W — > Y be two functions. The following 
conditions: 

i) f is an epimorphism of T-semiring 

ii) g is and surjective mapping. 

a) f (p (y)) = <r(P (y)) for all y eW. 

were satisfied by the pair (f,g), then (f,g) is called soft T- semiring ho- 
momorphism. 

If there exists a soft Gamma-semiring homomorphism between (p, W, T) and 
{o~,Y,T) ,we say that (p,W,T) is soft homomorphic to (a,Y,T) } and is denoted 
by (p, W, T) ^r s ((T,Y,T) is soft isomorphic to (G,B,T), which is denoted by 
(p,W,T) ~ rs (cr, Y, T) . 
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